Abstract. We construct links of arbitrarily many components each component of which is slice and yet are not concordant to any link with even one unknotted component. The only tool we use comes from the Alexander modules.
Introduction
In [Coc91,CO90,CO93,CR12], Cochran, Cochran-Orr, and Cha-Ruberman proved variations of the following theorem:
Theorem. There are links with slice components that are not concordant to any link with every component unknotted.
In [Coc91, Theorem 2.11], Cochran used the β i -invariants to show that there exist links L 1 ∪ L 2 with L 1 slice and L 2 unknotted which are not topologically concordant to any link with the first component unknotted. A similar result appears in [CO90, CO93] using the complexity of a covering link. Further, in [CR12, Theorem 1.1], Cha-Ruberman used covering link calculus together with the correction term of Heegaard Floer homology to give topologically slice links L 1 ∪ L 2 with L 1 smoothly slice, L 2 unknotted, and which are not smoothly concordant to any link with the first component unknotted.
All the examples above are links with the second component unknotted which are not concordant to any link with the first component unknotted. In this short note, we use a classical invariant to provide examples of links whose every component is slice but which satisfy the stronger conclusion that they are not concordant to any link with even one unknotted component. We generalize Theorem 1.1 to links of more than two components. We first state the case with 3-components. Theorem 1.2. The 3-component link of Figure 2 has slice links for its every proper sublink but is not concordant to any link with an unknotted component.
Theorem 1.2 is a special case of a the following more general result. Theorem 1.3. For any n ≥ 3, the n-component link of Figure 3 has a slice link for its every 2-component sublink but is not concordant to any link with an unknotted component. Moreover, its every proper sublink is concordant to a link with an unknotted component. 
Remarkably, our obstruction comes from a classical invariant, the Alexander module, of a component of a link and the classes of the lifts of the remaining components. We recall the Alexander module and state the obstruction in Section 2. In Section 3, we use the obstruction to prove Theorems 1.1, 1.2, 1.3, and 1.4.
While the question of concordance to boundary links (as in [CO90, CO93, Liv90] ) is not our main focus we will take a moment and point out that the techniques of our paper produce links which are not concordant to boundary links (see Remark 2.3). It is an interesting question to ask if our obstruction is related to Milnor's invariants.
This project is also motivated by the following question: does there exist a link in a homology sphere which is not concordant to any link in S 3 , even when each component is concordant to a knot in S 3 . Note that by performing 1 p -surgery on a component of a link of Figure 3 , we get a new link where each component is concordant to a knot in S 3 . We believe that this link is not concordant to any link in S 3 , but we are not able to prove this at the moment. We also make a remark that the above question is a natural generalization of a theorem of Adam Levine [Lev16] (see also [HLL18] ), where he proved that there exists a knot in a homology sphere which is not smoothly concordant to any knot in S 3 . As far as the authors knowledge, it is not known if such a statement is true for the topological category. Institute of Technology. He thanks them for their support. We would also like to thank Lisa Piccirillo, Kouki Sato, Jennifer Hom, Kent Orr, Jae Choon Cha, Min Hoon Kim, and Mark Powell for helpful conversations.
Obstruction: The Alexander module
For the rest of this paper, we work in the topological (locally flat) category. For any knot K, we denote by E(K) the knot exterior The Alexander module can be used to frame many obstructions to the sliceness of a knot. It is a well known fact that the Alexander module of a knot has a non-singular form called the Blanchfield form [Bla57] and if K bounds a slice disk D, then the kernel of the map from A(K) to A(D) is a Lagrandian submodule [Kea75] with respect to the Blanchfield form. In particular, if A(K) is not the trivial module then this kernel cannot be all of A(K). Also, recall that a knot has trivial Alexander module if and only if it has trivial Alexander polynomial. Combining these facts we get the following well known result. 
where ∆ L 1 (t) and ∆ L 1 (t) are relatively prime. In particular, L is not concordant to any link of the form U ∪ L 2 ∪ · · · ∪ L n where U is the unknot.
Proof. Suppose L and L are concordant via C = C 1 ∪ · · · ∪ C n . Since L 1 is slice, L 1 is slice as well. Cap C 1 with a disk in the 4-ball bounded by 3. proofs of Theorems 1.1, 1.2, 1.3, and 1.4
We are now ready to prove that our examples satisfy the asserted conditions. Figure 1 . Each of L 1 and L 2 is isotopic to the 9 46 knot which is slice. The 9 46 knot has a cyclic Alexander module The class of the lift of L 2 generates A(L 1 ). Thus, Corollary 2.2 concludes that L is not concordant to any link L 1 ∪L 2 with L 1 unknotted. The proof is complete by the symmetry of L.
Since Theorem 1.2 is a special case of Theorem 1.3, we only prove Theorem 1.3. Figure 3 . As every component of L is the 9 46 knot, each component is slice. Further, every 2-component sublink of L is either isotopic to a link drawn in Figure 5 (a) or the split link 9 46 9 46 . Observe that both links are slice, as shown in Figure 5 . Let L be a proper sublink of L, then for some k ∈ Z/n, L k is a component of L and L k+1 is not. We may now modify L by changing L k by a similar band move to that depicted in Figure 5 . This reveals that L is concordant to a link with an unknotted component. Let k ∈ Z/nZ and consider a 3-component sublink
As in the proof of Theorem 1.1, it is straightforward to verify that the classes of lifts of L k−1 and L k+1 generate A(L k ). By Corollary 2.2, we conclude that L is not concordant any link with the kth component unknotted. Again, the proof is complete by the symmetry of L. Figure 6 . We choose m large enough so that ∆ L 1 (m,U ) (t) = ∆ L 2 (m,U ) (t) is relatively prime to every polynomial in the finite set D. Since L 1 (m, J) and L 2 (m, J) are isotopic to a knot obtained as the connected sum of J with a slice knot, the first condition of the theorem is satisfied.
Suppose L is concordant to a link L = L 1 ∪ L 2 where ∆ L 1 (t) ∈ D and let −J be the knot obtained by taking the mirror image J and reversing the orientation. By locally tying −J into the concordance from L to L and stacking a concordance from L(m, J# − J) to L(m, U ), we see that L(m, U ) is concordant to a link L = L 1 ∪ L 2 where L 1 is isotopic to a connected sum of L 1 with −J. In particular, ∆ L 1 (t) = ∆ L 1 (t)∆ J (t). By the assumption, ∆ L 1 (m,U ) (t) and ∆ L 1 (t) are relatively prime. As in the proof of Theorem 1.1, it is straightforward to verify that each component of L(m, U ) is slice and the class of the lift of L 2 (m, U ) generate A (L 1 (m, U ) ). We get a contradiction by Corollary 2.2. The proof is complete by applying the same argument for the second component.
